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88 S. Zhou et al.1. Introduction
The graphs considered here will be ﬁnite undirected graphs without loops or multi-
ple edges. Let G be a graph. We use V(G) and E(G) to denote its vertex set and
edge set, respectively. For x 2 V(G), we denote by dG(x) the degree of x in G,
and by NG(x) the set of vertices adjacent to x in G. The minimum vertex degree
of G is denoted by d(G). For S ˝ V(G), NG(S) = [x2SNG(x). For a nonempty sub-
set S of V(G) we denote by G[S] the subgraph of G induced by S, and
G  S= G[V(G)nS] for a proper subset S of V(G). We say that S is independent
if NG(S) \ S= ;. The binding number bind(G) of G is deﬁned bybindðGÞ ¼ min jNGðXÞjjXj : ;–X#VðGÞ;NGðXÞ–VðGÞ
 
:Let a and b be integers with 0 6 a 6 b. An [a,b]-factor of a graph G is deﬁned as a
spanning subgraph F of G such that a 6 dF(x) 6 b for every vertex x of G (where
of course dF denotes the degree in F). And if a= b= r, then an [a,b]-factor is
called an r-factor. A graph G is called an (a,b,k)-critical graph if after deleting
any k vertices of G the remaining graph of G has an [a,b]-factor. If G is an
(a,b,k)-critical graph, then we also say that G is (a,b,k)-critical. If a= b= r, then
an (a,b,k)-critical graph is simply called an (r,k)-critical graph. In particular, a
(1,k)-critical graph is simply called a k-critical graph.
Many authors [1,2] investigated the graphs factors. Liu and Yu [6] studied the
characterization of (r,n)-critical graphs. Liu and Wang [5] gave the characteriza-
tion of (a,b,k)-critical graphs with a< b. Li [3,4] showed three sufﬁcient condi-
tions for graphs to be (a,b,k)-critical graphs. Zhou [9,11,10] obtained some
sufﬁcient conditions for graphs to be (a,b,k)-critical graphs. Liu and Liu [7] gave
a binding number and minimum degree condition for a graph to be an (a,b,k)-crit-
ical graph. The following result on (a,b,k)-critical graphs was proved by Zhou and
Jiang in [11].
Theorem 1 (11). Let a, b and k be nonnegative integers with 1 6 a< b. Let G be a
graph of order n with nP ðaþb1Þðaþb2Þb þ bkb1, and suppose thatbindðGÞ > ðaþ b 1Þðn 1Þ
bn ðaþ bÞ  bkþ 2 :Then G is an (a,b,k)-critical graph.
Zhou and Jiang [11] also showed that the condition bindðGÞ > ðaþb1Þðn1Þ
bnðaþbÞbkþ2 in
Theorem 1 can not be replaced by bindðGÞP ðaþb1Þðn1Þ
bnðaþbÞbkþ2. For the proof of opti-
mality (in this sense), they considered the case when a+ b+ k is odd and
n ¼ ðaþbÞðaþb2Þþðaþ2b1Þk
b
is an integer. Then they constructed a non (a,b,k)-critical
graph G with bindðGÞ ¼ ðaþb1Þðn1Þ
bnðaþbÞbkþ2. It is easy to see that in this case, either a
and b are both odd, or a is even and b is odd. Thus, the question is:
A binding number condition for graphs to be (a,b,k)-critical graphs 89Is the condition bindðGÞ > ðaþb1Þðn1Þ
bnðaþbÞbkþ2 optimal in the other cases? (i.e. when (a
and b are both even) or (a is odd and b is even)).
In this paper, we study this question when the integers a and b are both even. In
this case, we improve our previous result and obtain the following theorem.
Theorem 2. Let a and b be two even integers with 2 6 a< b, and let k be a
nonnegative integer. Let G be a graph of order n with nP ðaþbÞðaþb3Þb þ bkb1, and
suppose thatbindðGÞ > ðaþ b 1Þðn 1Þ
bn ðaþ bÞ  bkþ 3 :Then G is an (a,b,k)-critical graph.
If k= 0 in Theorem 2, then we get the following corollary.
Corollary 1. Let a and b be two even integers with 2 6 a< b. Let G be a graph of
order n with nP ðaþbÞðaþb3Þb , and suppose thatbindðGÞ > ðaþ b 1Þðn 1Þ
bn ðaþ bÞ þ 3 :Then G has an [a,b]-factor.2. Preliminary lemmas
Let a and b be two positive integers with a< b, and let G be a graph. For any
S ˝ V(G), deﬁnedGSðTÞ ¼
X
x2T
dGSðxÞanddGðS;TÞ ¼ bjSj þ dGSðTÞ  ajTj;
where T= {x: x 2 V(G)nS, dGS(x) 6 a  1}. In the following, we deﬁneh ¼ minfdGSðxÞ : x 2 Tg:
Obviously, 0 6 h 6 a  1.
Liu and Wang [5] proved the following result which is applied in the proof of
the theorems.
Lemma 2.1 [5]. Let a, b and k be nonnegative integers with 1 6 a< b, and let G be
a graph of order nP a + k + 1. Then G is (a,b,k)-critical if and only if for any
S ˝ V(G) with ŒS ŒP k
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where T = {x:x 2 V(G)nS, dGS(x) 6 a  1}.
Lemma 2.2. [8]Let c be a positive real, and let G be a graph of order n with
bind(G)> c. Then dðGÞ > n n1
c
.
Lemma 2.3. Let a and b be two even integers with 2 6 a< b, and let k be a nonneg-
ative integer. Let G be a graph of order n. If dG(S,T) 6 bk  1 for some S ˝ V(G),
then jSj 6 ðahÞnþbk2
aþbh .
Proof 1. By the deﬁnition of h and the condition of Lemma 2.3, we havebk 1P dGðS; TÞ ¼ bjSj þ dGSðTÞ  ajTjP bjSj þ hjTj  ajTj
¼ bjSj  ða hÞjTj;that is,bjSj  ða hÞjTj  bk 6 1: ð1ÞCase 1. h is even.
In this case, the left-hand side of (1) is even, thusbjSj  ða hÞjTj  bk 6 2: ð2Þ
According to (2), 0 6 h 6 a  1 and ŒSŒ+ ŒTŒ 6 n, we obtainbk 2P bjSj  ða hÞjTjP bjSj  ða hÞðn jSjÞ
¼ ðaþ b hÞjSj  ða hÞn;which impliesjSj 6 ða hÞnþ bk 2
aþ b h :Case 2. h is odd.
Subcase 2.1. There exists x 2 T such that dGS(x)P h+ 1. In this case, we get
dGSðTÞP hjTj þ 1: ð3ÞIn terms of (3), dG(S,T) 6 bk  1,0 6 h 6 a  1 and ŒSŒ+ ŒTŒ 6 n, we have
A binding number condition for graphs to be (a,b,k)-critical graphs 91bk 1P dGðS;TÞ ¼ bjSj þ dGSðTÞ  ajTjP bjSj þ hjTj þ 1 ajTj
¼ bjSj  ða hÞjTj þ 1P bjSj  ða hÞðn jSjÞ þ 1
¼ ðaþ b hÞjSj  ða hÞnþ 1;that is,jSj 6 ða hÞnþ bk 2
aþ b h :Subcase 2.2. V(G)n(S [ T) „ ;.
In this case, we obtainjSj þ jTj 6 n 1: ð4Þ
From (1) and (4) and 0 6 h 6 a  1, we havebk 1P bjSj  ða hÞjTjP bjSj  ða hÞðn 1 jSjÞ
¼ ðaþ b hÞjSj  ða hÞnþ ða hÞ
P ðaþ b hÞjSj  ða hÞnþ 1;which impliesjSj 6 ða hÞnþ bk 2
aþ b h :Subcase 2.3. V(G)n(S [ T) = ; and dGS(x) = h for each x 2 T.In this case,
dG[T](x) = h for each x 2 T. Since h is odd, ŒTŒ is even. Thus, the
left-hand side of (1) is even. Therefore, we obtainbk 2P bjS j  ða hÞjTj:
Combining this with ŒS Œ+ ŒTŒ= n, we havebk 2P bjS j  ða hÞðn jS jÞ ¼ ðaþ b hÞjS j  ða hÞn;
that is,jSj 6 ða hÞnþ bk 2
aþ b h :This completes the proof of Lemma 2.3. h3. The proof of Theorem 2
Proof 2. Let G be a graph satisfying the hypothesis of Theorem 2. We prove the
theorem by contradiction. Suppose that G is not an (a,b,k)-critical graph. Then by
Lemma 2.1, there exists a subset S of V(G) with ŒSŒP k such that
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where T= {x:x 2 V(G)nS, dGS(x) 6 a  1}. Clearly, T „ ; by (5). Let h be as in
Section 2, and 0 6 h 6 a  1.
We shall consider various cases by the value of h and derive contradictions.
Case 1. h= 0. Let X= {x: x 2 T,dGS(x) = 0}. Then X „ ; and NG(V(G)nS)
\ X= ;. According to the deﬁnition of bind(G) and the condition of The-
orem 2, we haveðaþ b 1Þðn 1Þ
bn ðaþ bÞ  bkþ 3 < bindðGÞ 6
jNGðVðGÞ n SÞj
jVðGÞ n Sj 6
n jXj
n jSj : ð6ÞNow we prove the following claim. h
Claim 1. bn  (a+ b)  bk+ 2> n  1.
Proof 3. According to nP ðaþbÞðaþb3Þ
b
þ bk
b1 and 2 6 a< b, we havebðbnðaþbÞbkþ2ðn1ÞÞ¼bððb1ÞnðaþbÞbkþ3Þ
Pbðb1Þ ðaþbÞðaþb3Þ
b
þ bk
b1
 
bðaþbÞb2kþ3b
¼ðb1ÞðaþbÞðaþb3Þþb2kbðaþbÞb2kþ3b
¼ðb1ÞðaþbÞðaþb3Þbðaþb3Þ
¼ðaþb3Þððb1ÞðaþbÞbÞ> ðaþb3ÞððaþbÞbÞ¼aðaþb3Þ>0:Thus, we obtainbn ðaþ bÞ  bkþ 2 > n 1:This completes the proof of Claim 1. h
In terms of (6), nP ðaþbÞðaþb3Þ
b
þ bk
b1, ŒXŒP 1 and Claim 1, we obtainðaþb1Þðn1ÞjSj> ðaþb1Þðn1ÞnðbnðaþbÞbkþ3Þn
þðbnðaþbÞbkþ3ÞjXj¼ ða1Þðn1Þnþða2Þn
þðbk1ÞnþðbnðaþbÞbkþ3ÞjXjP ða1Þðn1Þn
þðbk1ÞnþðbnðaþbÞbkþ3ÞjXj¼ ða1Þðn1Þn
þðbk1Þðn1Þþbk1þðbnðaþbÞbkþ3ÞjXj
P ða1Þðn1Þnþðbk1Þðn1ÞþðbnðaþbÞbkþ2ÞjXj
> ða1Þðn1Þnþðbk1Þðn1Þþðn1ÞjXj;
A binding number condition for graphs to be (a,b,k)-critical graphs 93which impliesjSj > ða 1Þnþ bk 1þ jXj
aþ b 1 : ð7ÞOn the other hand, by (5) and ŒSŒ+ ŒTŒ 6 n, we have
bk 1P dGðS;TÞ ¼ bjSj þ dGSðTÞ  ajTjP bjSj  ða 1ÞjTj  jXj
P bjSj  ða 1Þðn jSjÞ  jXj ¼ ðaþ b 1ÞjSj  ða 1Þn jXj;
that is,jSj 6 ða 1Þnþ bk 1þ jXj
aþ b 1 ;which contradicts (7).
Case 2. 1 6 h 6 a  1.
According to Lemma 2.2 and the hypothesis of Theorem 2, we havedðGÞ > n bn ðaþ bÞ  bkþ 3
aþ b 1 ¼
ða 1Þnþ ðaþ bÞ þ bk 3
aþ b 1 : ð8ÞWe choose x1 2 T such that dGS(x1) = h. Thus, we obtain
jSj þ h ¼ jSj þ dGSðx1ÞP dGðx1ÞP dðGÞ:Combining this with (8), we havejSjP dðGÞ  h > ða 1Þnþ ðaþ bÞ þ bk 3
aþ b 1  h: ð9ÞSubcase 2.1. h= 1. From (9), we getjSj > ða 1Þnþ ðaþ bÞ þ bk 3
aþ b 1  1 ¼
ða 1Þnþ bk 2
aþ b 1 ;which contradicts Lemma 2.3.
Subcase 2.2. 2 6 h 6 a  1. In terms of Lemma 2.3 and (9), we obtain
ða hÞnþ bk 2
aþ b h þ h >
ða 1Þnþ ðaþ bÞ þ bk 3
aþ b 1 : ð10ÞSet fðhÞ ¼ ðahÞnþbk2
aþbh þ h. Using nP ðaþbÞðaþb3Þb þ bkb1, we havef0ðhÞ¼ðaþbhÞðnÞþðahÞnþbk2ðaþbhÞ2 þ1¼
bnþbk2
ðaþbhÞ2 þ1
6bnþbk2ðaþb2Þ2 þ16
ððaþbÞðaþb3ÞþbkÞþbk2
ðaþb2Þ2 þ1¼
1
aþb2<0:
94 S. Zhou et al.Thus, we getfðhÞ 6 fð2Þ: ð11ÞClaim 2. ða2Þnþbk2aþb2 þ 2 6 ða1ÞnþðaþbÞþbk3aþb1 .
Proof 4. According to nP ðaþbÞðaþb3Þ
b
þ bk
b1 and 2 6 a< b, we haveðaþ b 1Þðaþ b 2Þ ða 1Þnþ ðaþ bÞ þ bk 3
aþ b 1 
ða 2Þnþ bk 2
aþ b 2  2
 
¼ ðaþ b 2Þða 1Þnþ ðaþ b 2Þðaþ b 3Þ þ ðaþ b 2Þbk
 ðaþ b 1Þða 2Þn ðaþ b 1Þbk 2ðaþ b 1Þðaþ b 3Þ
¼ bn ðaþ bÞðaþ b 3Þ  bkP b ðaþ bÞðaþ b 3Þ
b
þ bk
b 1
 
 ðaþ bÞðaþ b 3Þ  bk ¼ bk
b 1P 0:Thus, we haveða 2Þnþ bk 2
aþ b 2 þ 2 6
ða 1Þnþ ðaþ bÞ þ bk 3
aþ b 1 :This completes the proof of Claim 2. h
By Claim 2, we obtainfð2Þ ¼ ða 2Þnþ bk 2
aþ b 2 þ 2 6
ða 1Þnþ ðaþ bÞ þ bk 3
aþ b 1 :Combining this with (10) and (11), we getða 1Þnþ ðaþ bÞ þ bk 3
aþ b 1 < fðhÞ 6 fð2Þ 6
ða 1Þnþ ðaþ bÞ þ bk 3
aþ b 1 :It is a contradiction.
From the argument above, we deduce the contradictions. Hence, G is an
(a,b,k)-critical graph.
This completes the proof of Theorem 2. h
Remark 1. Let us show that the condition bindðGÞ > ðaþb1Þðn1ÞbnðaþbÞbkþ3 in Theorem 2
can not be replaced by bindðGÞP ðaþb1Þðn1ÞbnðaþbÞbkþ3. Let a,b and k be three even
integers such that 2 6 a< b and ðaþbÞðaþb3Þþðaþ2b1Þkb is an integer. We write
n ¼ ðaþbÞðaþb3Þþðaþ2b1Þkb ; l ¼ aþbþk2  1 and m ¼ n 2l ¼ n ðaþ bþ k 2Þ ¼
A binding number condition for graphs to be (a,b,k)-critical graphs 95ða1Þðaþb2Þ2þðaþb1Þk
b . Clearly, m,n,l are three positive integers. Let G= Km¤ lK2.
Let X= V(lK2), then for any x 2 X, ŒNG(Xn{x}) Œ= n  1. By the deﬁnition of
bind(G), bindðGÞ ¼ jNGðXnfxgÞjjXnfxgj ¼ n12l1 ¼ n1aþbþk3 ¼ ðaþb1Þðn1ÞbnðaþbÞbkþ3. Let S= V(Km),T=
V(lK2), then ŒSŒ= mP k, ŒTŒ= 2l. Thus, we obtaindGðS;TÞ ¼ bjSj  ajTj þ dGSðTÞ ¼ bjSj  ajTj þ jTj ¼ bjSj  ða 1ÞjTj
¼ b ða 1Þðaþ b 2Þ  2þ ðaþ b 1Þk
b
 ða 1Þðaþ bþ k 2Þ
¼ bk 2 < bk:By Lemma 2.1, G is not an (a,b,k)-critical graph. In the above sense, the result of
Theorem 2 is best possible.
Remark 2. Zhou and Jiang [11] proved Theorem 1, and showed that the condition
bindðGÞ > ðaþb1Þðn1Þ
bnðaþbÞbkþ2 is sharp when either a and b are both odd, or a is even and b
is odd. In this paper, we improve the binding number condition by bindðGÞ
> ðaþb1Þðn1Þ
bnðaþbÞbkþ3 when a and b are both even, and show that the condition in this case
is sharp. Thus, we present the following problem:
Let a, b and k be three nonnegative integers such that 1 6 a< b, a is odd and b
is even. Suppose that n is sufﬁciently large for a, b and k, and bindðGÞ >
ðaþb1Þðn1Þ
bnðaþbÞbkþ3. Then, whether a graph G of order n is (a,b,k)-critical or not?Acknowledgments
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